SOME IMPLICATIONS OF LEBESGUE DECOMPOSITION 

GIANLUCA CASSESE 
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^Nj . Abstract. Based on a generalization of Lebesgue decomposition we obtain a characterization of 

^^, weak compactness in the space ba(j2/), a representation of its dual space and some results on the 

, ^ ' structure of finitely additive measures. 
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1. Introduction and Notation 



""Ti Throughout the paper i7 will be an arbitrary set, si an algebra of its subsets, A a bounded, 

rr ■ finitely additive set function on si (i.e. A € 6a(i2/)) and ^ a subset of ha{si). 

fH ■ Among the well known facts of measure theory is the Lebesgue decomposition: for each /i G 

C^ ' ba{s/) there exists s a unique way of writing A = A^ + A^ where X'^ <^ fi and A^ _L /i. In section 

[2] we prove a slight generalization of this classical result and use it to obtain a characterization of 

relatively weakly compact subsets of ba{s/), in section [3l and on its dual space, in section [H Some 

^ I implications of these findings are outlined in section [5l Eventually, in section [6] we exploit Lebesgue 

decomposition to study some properties of dominated families of finitely additive measures. 

The main, simple idea is to treat the orthogonality condition implicit in Lebesgue decomposition 
- as a separating condition for subsets of ba{s/), especially in the presence of some form of compact- 

^D ' ness. A classical result associates relative weak compactness with uniform absolute continuity. In 

CN ' 1-1 1-1 

Theorems [1] and [21 we obtain new necessary and sufficient conditions for relative weak compact- 
ness of subsets of ba{s/) each stating that a corresponding measure theoretic property has to hold 
k> ' uniformly. Following from these, we then obtain, Theorem [3l a complete characterization of the 

dual space of ba{s/) in terms of bounded Cauchy nets. The Riesz representation we propose is 
unfortunately not as handy as that emerging from the Riesz-Nagy Theorem for Lebesgue spaces. 
Nevertheless it is helpful in some problems as those treated in Corollary [6l We also exploit it to 
establish a partial analogue of the Komlos Lemma under finite additivity. 

Section [6] considers the absolute continuity property emerging from Lebesgue decomposition and 
exploits it to investigate some properties of dominated sets of measures. We obtain the finitely 
additive versions of two classical results, due to Halmos and Savage and to Yan, respectively. 
Somehow surprisingly, these two Theorems, whose original proofs use countable additivity in an 
extensive way, carry through unchanged to finite additivity. It is also shown, see Theorem [71 that 
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2 GIANLUCA CASSESE 

dominated families of set functions have an implicit, desirable property which allows to replace 
arbitrary families of measurable sets with countable subfamilies. 

For the theory of finitely additive measures and integrals we mainly follow the notation and 
terminology introduced by Dunford and Schwartz [6], although we prefer the symbol |A| to denote 
the total variation measure generated by A. ^(jz/) and ^(^) designate the families of s^ simple 
functions, endowed with the supremum norm, and its closure, respectively. If / G -^^(A) we denote 
its integral interchangeably as / fd\ or A(/) although, when regarded as a set function, we will 
always use the symbol Aj € ba{^). We prefer, however, A^ to Ai^ when B € ^. 

We define the following families: ba{£/, X) = {/j. £ ba{£/) : /u < A}, bai{£/, A) = {A/ : / G -^^(A)} 
and baooi-s/jX) = {/x S ba{£^) : |/i| < c|A| for some c > 0} while Pfca(i2/) will denote the collection 
of finitely additive probabilities. 

The closure of ^ in the strong, weak and weak* topology of ba{£/) is denoted by ^, ^ 
and ^ , respectively. We refer to ^ the properties holding for each of its elements and use the 
corresponding symbols accordingly. Thus, we write A ^ ^ (resp. A _L ^) whenever A ^ /x (resp. 
X J- fi) for every /x E ^. X » ^ is sometimes referred to by saying that ^ is dominated by A. 

2. Lebesgue Decomposition 
Associated with ^ is the collection 

(1) A(^) = { Y] an--77f— fT : Ain G ^, a™ > forn = 1, 2, . . . , V On = 1 > 

as well as the set function 

(2) *.^(^) = sup \fi\{A) Aes^ 

It is at times convenient to investigate the properties of A(^) rather than ^ and we note to 
this end that A » .^ (resp. A _L .#) is equivalent to A » A(^) (resp. A _L A(^)). We say that 
^ is uniformly absolutely continuous (resp. uniformly orthogonal) with respect to A, in symbols 
A 3>u ^ (resp. ^ J-u A) whenever lim|;^|(^)_j.o ^^(^) = (resp. when for each e there exists 
vl € =e/ such that ^^^{A) + [AKA'^) < e). One easily verifies that either of these uniform properties 
extends from A(^) to ^ if and only if ^ is norm bounded. 

Lemma 1. There exists a unique way of writing 

(3) ^ = Ka + ^.£ 

where A*^^, A^ G ba{s^) are such that (i) m » A"^ for some m G A(^) and (ii) A^ _L ^ . If X 
is positive or countably additive then so are X-^,X'^. 

Proof. Take an increasing net {ua)a£'Qi ^^ 

(4) C{^) = {v £ ba{£/) : zv < m for some m G A(^)} 
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with u = MvHaUa € ba{£/). Extract a sequence (fa„)„gj^ such that ||z^ — fa„|| = {v — i'a„){^) < 
2^"^-'^, choose rUn S A(^) such that ?tt,„ » Va^ and define m = X^„ 2^"?72„ € A(^). Since 
m » fQ„ for each n € N so that there is (5^ > such that 'm{A) < 6n imphes |fQ,„|(^) < 2^"^^ 
and, therefore, |i^|(^) < |z^q,^|(^) + 2^^^^ < 2^". Thus C{^) is a normal sublattice of ba{£/) and 
([3]) is the Riesz decomposition of A with A^^ G C{^) and A^ _L C{^). D 

Of course a different way of stating the same result is the following: 
Corollary 1. Define C{^) as in dH). Then, C{^) = {J{^)^. 

Decomposition ([3]) gains a special interest when combined with some form of compactness. 
Lemma 2. Let ^ C 6a(i2/)_|_ he convex and weak* compact. A _L ^ if and only if A -L^ ^ ■ 
Proof Fix e > and consider the set 

(5) /C = {/ G yis^) : 1 > / > 0, |A|(1 - /) < |} 

If A _L ^, then sup„g_^ inf jgy^ ^(/) < e/4. Endow ba{£/) and J/'{£/) with the weak* and the 
uniform topology respectively. Then, both ^ and /C are convex, the former is compact and 
the function (j){fi, f) = ^i{f) '■ ba{£/) x J/'(^) — > M is separately linear and continuous. By 
a standard application of Sion's minimax Theorem |9] Corollary 3.3], there exists / € /C such 
that sup^g^/x(/) < e/4. Let ^ = {1 — / < 1/2} G £/. Then Tchebiceff inequality implies 
lAK^d'^) + fi{A) < e for all ^ G ^. The converse is obvious. D 

It is of course possible and perhaps instructive to rephrase the preceding Lemma as a separating 
condition. 

Corollary 2. Either one of the following mutually exclusive conditions holds: (i) m ^ X for some 
m G A(^) or (ii) there exists r/ > such that for each ^q C ^ with A(^o) weak* closed and 
each k > there exists A (^ £/ for which 

(6) |A|(^)>r?>A:^A(.^o)(^) 

If ^ is a a-algebra and A G ca{^) then ([6]) rewrites as |A|(^) > = ^a(.-#o)(^) J^^^ some A G ^. 

Convex, weak* compact subsets of 6a(j2/)+ are often encountered in separation problems, where 
a family /C of ^ measurable functions is given and ^ is the set 

m G Fbai-s^) ■ ^ C L{m), sup m{k) < 1 

fcG/C 

of separating probabilities. In such special case we learn that if A _L ^ then the two sets {A} and 
^ may be strictly separated by a set in £/. 
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3. The Weak Topology 

Decomposition ([3]) provides some useful insight in the study of weakly compact subsets of ba{,s/). 
An exact characterization is the following: 

Theorem 1. If ^ is norm bounded the following conditions are equivalent to relative weak com- 
pactness: 

(i) m ^u -^ for some m G A(^); 
(ii) the set {\fi\ : /i G ^} is uniformly monotone continuous, i.e. if (^„)„gpj is a monotone 

sequence in s/ the limit lim„ |/i|(A„) exists uniformly in ^ ; 
(Hi) ^ possesses the uniform orthogonality property, i.e. ^o C ^ and A _L ^q imply A J.^ ^q; 
(iv) for each ^q C ^ and each sequence (A„)^gpj in s^ such that 

(7) limlim |/x| |J A„ = \i ^ Ji^ 

//(j4„) converges to uniformly with respect to ^ & ^o; 
(v) ^ possesses the uniform absolute continuity property, i.e. .-#0 C ^ and A ^ ^q imply 
A »u ^0- 

Proof. The fact that Q implies relative weak compactness for norm bounded sets is just [6", IV. 9. 12]. 
0=^(113) • Let (^n)„gfij be a decreasing sequence in £/ and define (/)„ : ba{£/) — ;• M by letting 

(8) (/>„(/i) = lim/i(^„ nAl) ^ G ba{£/) 

k 

Then, </>„ is continuous and decreases to on the weak closure of {|;u| : /i G ^} which, under Q, 
is compact. By Dini's Theorem, convergence is uniform. 

(fzzj) 4» (fmj) . Suppose A _L ^ and let ^i = A(^) . With no loss of generality we can assume 
A > 0. We claim that A _L ^i. If not then there is m G ^i such that for some r/ > and all A G s^ , 
the inequality Arj < m{A) + X{A^) obtains. Fix mi G A(^) such that \{m — mi){0,)\ < 7//2 and 
j4i G .e/ such that mi{Ai) + X{Al) < rj. Assume that mi . . . ,m„_i G A(^) and Ai, . . . , A„_i G £/ 
have been chosen such that 



(9) m,(Ai) + ^A(^5) <r/ and 



{mi - m) Pi A 



j<i 



<rj2 ^ i = l,...,n-l 



Then pick m,„ G A(^) such that |(m„ — m){f]-^^Aj)\ < ri2^'^ and, by orthogonality. An G £^ 
such that mn{An) + X{A'^) < rj — J2k=i ^i^t)- This proves, by induction that it is possible to 
construct two sequences (m'n)„gM in A(^) and {An)^^j^ in .s/ that satisfy property Q for each 
n G N. It is then implicit that for all n,p G N 

(n+p \ /n+p \ n 

f^AA+xi(JA'r\ <m„(A„) + j;A(A^) + ^A(Af)<2r? 
i=l / \i=l / i=l i 
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and so {m — nin) ( HiLf ^« ) > ^77. Observe that, under Q, A(^) is uniformly monotone contin- 
uous and so one may fix k sufficiently large so that inf„(m — rn.„) ( ni=i ^i) > Vi contradicting ([9]). 
Thus A _L ^1 and, by Lemma [2l A _L ^^^^ so that A J-u -M . Given that property ^^ extends from 
^ to each of its subsets, then so does the conclusion just obtained and (fm|) is proved. 

Conversely let {A^)^^^ be a decreasing sequence in s^ so that lim„limfe |/u|(A„ n A^) = for 
each II G 6a(£/). Assume the existence of e > and of a sequence (^n)„gN ™ -^ such that 
lim„limyfc |^n|(^n H A^) > e and define, similarly to (fTOj) . 

7(A) =LIMlim/i„(A„n Agn A) A G j# 

It is obvious that 7(^n) > e so that, by Lemma [H 7;^ 7^ 0. However, under (fm|) . 7^ _L„ ^ while, 
by construction, 7 < ^.^if , a contradiction. 

((iiI)=^([S!). Let ^0 and (A„)^gpj be as in ^^. Suppose that, up to the choice of a subsequence, 
there is e and a sequence {nn)neN ™ -^o such that \iJ:n\{An) > e. By ([mJ), for each n there exists 

kn > n such that 

(fc„+p \ / k„ \ 

\\ Ai] -lull [JAi] < e/2 
i=n / \i=n J 

Define 7 G ba{s^) implicitly by setting 

(10) 7(A) = LIM|/i„|(A„nyl) AGi^ 

n 

where LIM denotes the Banach limit. If Bj = Uj=7 A-i, one easily concludes 

(kj+n \ 
An n M A, - e/2 = LIM |/i,|(A„) - e/2 > e/2 
^=3 J 

while, under ([7]), lim^ \^\{Bj) = 0. By Lemma [H 7^ 7^ and, by (fm|) . 7^ -L^j ^0 in contrast 
with the definition p^ . 

((Sj)=>(Il)- Let Ji^d ^ and A » ^o- For each n G N let A„ G =s/ be such that |A|(A„) < 2~''\ 
Then sup;, l-^l(Ui=i ^j) < ^^-^ so that, by ([Sj), |/x|(An) converges to uniformly in ^o- 

tlj)^®. For each m G A(^), let 

X(m) = sup ||/i;[i|| and x(-^) = inf^y(m) 

^g.^ mgA(.^) 

If {'mn)neN i^ ^ sequence in A(^) such that x("^n) < xl-^) + 2~" and if we define m = 
^^ 2^"m„ G A(^), then from m ^ r?T,„ we conclude xl'^) = xl-^)- Fix 71 = rn, and let /xi G ^ 
and Ai G ^ be such that 7i(Ai) < 2^^ and |/ii|(Ai) > x('^)/2. Assume that ni, . . . ,/U„_i G ^ 
and Ai, . . . , A„_i G i/ have been chosen so that, letting 7j = i(m + |;Ui| + . . . + [^j_i)|, 

(11) In-Mn-l) < 2-2(«-l) |^„_ij(A„_i) > x(^)/2 

Since 7^ ^ m-, then x(7n) = x{^)- There exists then /i„ G ^ such that ||(^n)7,J| > x('^)/2 and 
thus a set An G -s/ such that |/i„|(A„) > x('^)/2 while 7(A„) < 2~^". It follows by induction that 
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there are sequences (/in)„gN ^^^ (^")ngN such that for aU n 

sup\fii\{An-i) < 2"" and |/U„1(A„) > x('^)/2 

i<n 

Let n = J2n 2 "!^n|- (0) imphes that the sequence {fin)neN ^^ uniformly absolutely continuous with 
respect to /i; on the other hand, 



^^{Ak) = ^2-"|;U„|(Afc) < ^2-"|/i„|(A,) + 2-^ < 2-^=-^) 

n n=l 

SO that xC-^) ^ 21imfc |/ifc|(ylfc) = 0. But then x('^) = i-e- m- ^ ^ and, by (v), m »„ •^- D 

We also conclude 

Corollary 3. Let ^ C ha{£^) he relatively weakly compact. Then, (i) A X .-# i/ and only if 
A J-n A(^) and f'iij ?7i S A(^) implies m^ = 0. 

Proof. In the proof of the implication ([zz|) =^ (fmj) of Theorem [1] we showed that A _L ^ if and only 
if A _L A(^) . (i) then follows from Corollary [6l the second from (i) and Lemma [TJ D 

Theorem [1] has a number of implications which help clarifying the relationship with other well 
known criteria for relative weak compactness. For example, ^ is relatively weakly compact if 
and only if {|^| : /i G ^} is so. Moreover, all disjoint sequences of sets satisfy condition ([7]) (by 
boundedness) so that if .-# is relatively weakly compact then necessarily m{An) converges to 
uniformly in ^ for every disjoint sequence, a property of weakly convergent sequences already 
outlined in [21 Theorem 8.7.3]. Thus, Theorem [T] contains [11, Theorem 1.3] as a special case. 
Another immediate consequence is that a subset of ca{£^) is relatively weakly compact if and only 
if norm bounded and uniformly countably additive or, equivalently, uniformly absolutely continuous 
with respect to some A G ca{£^), see ^ IV.9.1 and IV.9.2]. 

Another characterization of weak compactness is given in the following Theorem [2j A sequence 
{fn)neN ^^ '^i-s^) is Said to be uniformly bounded whenever sup„ ||/„|| < oo. 

Theorem 2. In the following, conditions ^-^B^ are equivalent and imply liii)).' 

(i) ^ is relatively weakly compact; 

(a) ^ is bounded and possesses the uniform Cauchy property, i.e. if ^q C ^ and {fn)n<^n ^^ ^ 
uniformly bounded sequence in S^{£/) which is Cauchy in L^{fJ-) for all // € .J^o, then 

(12) lim sup sup \fl\{\fn+p - fn+q\) = 



(Hi) yM is bounded and for each sequence (/n)„gi^ as in ^^ and each sequence {nk)k^fq 
(13) LlMlim^fc(/,) = limLlMfikifn) 

k n n k 



m 
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Proof. Q^^3) If ^ is relatively weakly compact it is bounded and uniformly absolutely continuous 
with respect to some m € A(^). If {fn)n£n i^ uniformly bounded and Cauchy in L^{fi) for all 
^ € ^, then it is Cauchy in L^{m) too. Moreover, given that 

|/^|(|/fc+p- fk+q\) < 2sup||/„|| \l^\*{\fk+p- fk+q\ >C) + C SUp ||;U|| 



121) follows from uniform absolute continuity. 
([n|) ^(fm j) It follows from the inequality 

LIMlim^fc(/„) - limLIM^fc(/i: 



< limsupsup |//fc|(|/„+p - /„+,! 

" k p,q 



(O^OJ) Choose the sequence {fn)neN ^^ ® ^° consist of indicators of a decreasing sequence 
(A„)„gi^ of .s/ measurable sets. Then (fT2]) implies that {\fi\ : fi £ ^} is uniformly monotone 
continuous. D 

4. The Representation of Continuous Linear Functionals on ba{£/) 

The class of sequences introduced in Theorem [2] will be in this section the basis to obtain a 
representation of continuous linear functionals on ba{£/). To this end we need some additional 
notation. / E 5S(i2/) and ^ € ba(£/) admit the Stone space representation as / G C{£/) and 
A S ca{a£/) where £/ is the algebra of all clopen sets of a compact, Hausdorff, totally disconnected 
space Cl such that fi{f) = fi{f), [6j. 

In the following we also use »Sf (=2/) for the space of continuous linear operators T : ba{£/) — )■ 
ba{£/) and ^^.(jz/) for the subspace of those T G ^{£/) possessing the additional property 

(14) r(/x/) = T{fi)f f G Li(/x), M e ba{^) 

Remark that if A,Ai, . . . , A^ E £/ with A„ n A^ = for n ^ m, then (|14p implies 

N N N N 

Y, \nf^){A nA^)\ = Y, \T{fiAnAjm < \\T\\ Y, Wf^AHAj = \\T\\ Y, l/^K^ n A^) < \\T\M{A) 

n=l n=l n=l n=l 

SO that |T(/i)| < ||T|||/i|, i.e. T{fj.) G 6aoo(^,^). Eventually, if T € Jf(=e/) let Tx denote its 
restriction to ba{£/,X). 

Proposition 1. ba{£^)* is isometrically isomorphic to the space ^^(i?/) and the corresponding 
elements are related via the identity 



(15) <^(m) = t(^)(^) ^e 

Moreover, there is a sequence {fn) pM ^'^ o5^(=k/) uniformly bounded by \\Tx\\ which is Cauchy in 
L^ifJ-) for all jjL G ba{.s^ , A) and such that 

(16) limsup||/^|| = ||rA|| and r(^) = lim/i(/^) ^ G 60(^2/, A) 

n " 

IfT is positive then {fn)nan ^^^ ^^ chosen to be positive. 
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Proof. If T G ^*(=k/) it is obvious that the right hand side of (J16p imphcitly defines a continuous 
linear functional on ha{£^) and that \\(j)\\ < \\T\\. Conversely, let (j) € ba{£/)*, fix ^u G ba{^) and 
define the set function T{fi) on =e/ implicitly by letting 

(17) T{fi){A) = cPifiA) Ag^ 

T{^) is additive by the linearity of (p. Moreover, if ^i, . . . , A^ G £^ are disjoint then 

N N N N 

j; |r(^)(A n A„)| = ^ |,/.(^AnAj| < j; ll^llll^nAjl = j; ||</'|||/i|(^ n A„) = ||0|l|^|(A) 

n=l n=l n=l n=l 

SO that |T(/i)| < ||0|||/i|. It follows that T(/x) G 6aoo(=2/,/u) and ||r|| < ||(/)||. Since {ha)b = fJ'AnB, 
we conclude from dUD that r(/i)(^ n B) = T{ha){B) so that r(//A) = ^(/i)^ for all yl G i^. This 
conclusion extends by linearity to ^(=2/). If (/„)„gj^ is a fundamental sequence for / G L^{fj) C 
L^{T(iJ,)), then by continuity 

r(/x/) = limr(/x/J = limr(^)/„ = T{iM)f 

and we conclude that T G ^^,(^2^). (J16p thus defines a linear isometry of ^=,,(=2/) onto 6a(=e/)*. 
To conclude that this is an isomorphism let Ti , T2 G =Sf* {^) and let (/>! , 02 be the associated 
elements of ba{.s/)* . If Ti / T2 then Ti(;u) / T'2(Ai) for some /i G ba{£/) and thus, by (fT7|) . 
•^i W) = Ti{fi)iA) + T2{fx){A) = Mf^A) for some Ae^/. 

To prove p^ . denote by a : 6a(i2/) — > ca(o"i2/) the Stone isomorphism. Then, if T G ^^{.s/) and 
T = a ■ Ta~^ one immediately concludes that T : ca{a£/) — )■ ca{aj2/) and that 

t(/i-) =limr(/i,) = lima (r(/iyj) =lim^(r(^)yj = lima (T(^)), =limf(/i), =f(% 

SO that T G ^*((T=e/). Exploiting the existence of Radon Nikodym derivatives we conclude that 
when n G ba{£/, A), 



fife) = fCX)j, = j Ff^d\X\ = J f^dfl 
with /> G Li(A), /^ G L~(A) and ||/^||l«= < \\Tx\\. Let, as usual, 



2" 



/^= j; i2-"||T,||l^ 



'Ali-L{j2-n|[TA||</^<(i+l)2-"||TA||} 
i=-2" 

The sequence ( /3 ) in ^(iTiz/) is increasing, converges uniformly to /■^ and is positive if Tx is 
SO. Replacing each a£/ measurable set in the support of f^ with a corresponding £/ measurable 
set arbitrarily close to it in A measure, we obtain a sequence (fn) in y(.s/) such that (i) 

\ /neN 

||/nll ^ II^aII, (^0 /n is positive if Tx is so and (m) (/r^) converges to f'^ in L^{fl) for each 

\ / nGN 

// G 6a(^,A), by P III.3.6]. Let /^ = (J-^ (/^) G ^(^). Then, 



(18) 



r(^) = a-' (r(/i)) = hma-i (Jfndf^) = 1™/^"' (/n) ^/^ = l™//n^^ 
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SO that ||Tx|| < limsup„ ||/^||. Properties (z) and (m) carry over to the sequence (/^)^pp^, by the 
properties of the Stone isomorphism, and therefore |[T\|[ = hmsup„ ||/„||. Moreover, 



hmsup I^[ 







fn+p - fn+q ] = hm SUp \jl\ [ /„+p - /„_, 

SO that the sequence is Cauchy in L}{^j) for all ^ G ba{£^ , A). D 

Implicit in Proposition [1] is a simple proof of the following, important result. 

Corollary 4 (Berti and Rigo). The dual space of L^{\) is isomorphic to 6aoo(-2/,A) and the 
corresponding elements are related via the identity 

(19) v{f) = Kf) f^LHX) 

Proof. By the isometric isomorphism between L^{X) and bai{£/,X) and Proposition [H each con- 
tinuous linear functional (p on L^ (A) corresponds isometrically to some T G ^^, {£/) via the identity 
ifif) = r(A)(/). Write /i = T(A). Conversely, if /i G 6aoo(-2^, A) then it is obvious the right hand 
side of (J19p defines a continuous linear functional on L(X). D 

Another interesting conclusion is 

Corollary 5. For every uniformly bounded net {ha)^^^^ ^'^ ^(=2^) there exists a uniformly bounded 
sequence {fn)neN ^'^ ^(-k/) which is Cauchy in L^{fJ.) for all /z G ba{^, A) and such that 

(20) LIM/x(/ialA) = lim/z(/„lA) A £ £/ , fi e ba{s!/ , X) 

a n 

If (^a)aGa ^-^ increasing then {fn)neN ^'^'^ ^^ chosen to be increasing too. 

Proof. The existence claim follows from Proposition [1] upon noting that the left hand side of ()20p 
indeed defines a continuous linear functional on ba{s^). D 

Corollary [5] suggests that dominated families of measures admit an implicit, denumerable struc- 
ture. This intuition will be made precise in the next section. 

An exact integral representation of the form (/>(/x) = /u(/) for elements of ba{£/) is not possible 
in general, see [21 9.2.1]. On the other hand, the representation (J16p may seem unsatisfactory 
inasmuch the intervening sequence depends on the choice of A. This last remark also applies to 
ca{£/), a space for which, despite the characterization of weak compactness, a representation of 
continuous linear functionals is missing. The following result provides an answer. 

Theorem 3. A linear functional (p on ba{£/) is continuous if and only if it admits the representation 

(21) <A(/x)=lim/i(^) fieba{£/) 

a 

where {fa)ae.% '^^ ^ uniformly bounded net in 5^{£^) with limsupQ,g2t ||/a|| = ||0|| which is Cauchy 
in L^{fi) for all /x G ba{s^). 
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Proof. It is easily seen that if the net {fa)ae<ii i^ ^^ ™ ^^^ claim, then the right hand side of 
(j2ip indeed defines a continuous linear functional on ba{£/) and that \\(j)\\ < limsupo, ||/a||. For 
the converse, passing to the Stone space representation and given completeness of ca{(T£/), ()16p 
becomes 

(22) T{fi){A) = fiilj^) yl e ^, /x G 6a(^, A) 

for some f^ G L°°{X) with |/-^| < \\Tx\\. Let 21 be the collection of ah finite subsets of ba{£/) 
directed by inclusion. For each a G 21 choose A^ G ba{£/) such that A^ ^ a. Of course, for each 
fj. G ba{£/) there exists a G 21 such that Xa ^ fJ- We then get the representation 

(23) T{fi){A) = A(/^"1a) Ae^, )UGa, aG2t 
with 11/^" II < IITa^II. Fix fa G y{j^) such that ||/o|| < ||/^-|| and 



sup// 



/^" - /o 



< 2~l"l-i 



and let fa G =5^(i2/) correspond to fa under the Stone isomorphism. Then, 

limfiifalA) = lim/i(/„l^) = lim/i(/^-l^) = T{i_i1a) Ae^/, fi £ 

a a a 

which, together with (I2ip . proves the existence of the representation (I16p and of the inequality 
limsupo, ||/q|| < limQ, ||Tx^|| < ||T|| = ||0||. Moreover, if ai,Q2,a G 21 and // G q C ai,a2, then 

K\fai -fail) = M(/l(ai7"2)(/ai "/aa)) 

<2-H+;i(/j(ai,a2)(/^'^i-/^"2)) 

= 2-1"! 

the third line following from ([23]) and the inclusion /i(ai,a2) G o5^(=e/). But then {fa)a(^'Oi i^ indeed 
a Cauchy net in L^{fJ-) for all /U G ba{.<2/). D 

The space of uniformly bounded nets in y{£/) is a linear space if, for / = {fa)ai^% ^"^^ 9 — 
i9s)seTi *^° such nets, we endow 21x3 with the product order obtained by letting (qi, 5i) > (02, 62) 
whenever ai > 02 and 5i > 82 and write / + ^ as {fa + gs)(a5)e^x'X)- Theorem [3] suggests the 
definition of a seminorm on such space by letting 



(24) ||F|| = limsup ll/dll whenever F = {fa) 



a&'Oi. 



and denote by C^(=k/) the linear space of equivalence classes of uniformly bounded nets in S^{.s^) 
which are Cauchy in L^{n) for all fi G 



Theorem 4. The identity (I2ip defines an isometric isomorphism between ba{^)* and (t{£/). 

Proof. The right hand side of ([2T]) is invariant upon replacing the net F = {fa)a(^% with G = {gs)s^X) 
whenever ||i^ — G|| =0. D 
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5. Some Implications. 

The characterization so obtained is admittedly not an easy one, due to the intrinsic difficulty of 
identifying exphcitly the net associated to each continuous functional. It has, this notwithstanding, 
a number of interesting implications. We illustrate some with no claim of completeness. 

Corollary 6. Let ^ and JV he convex, weakly compact subsets ofba{£/). Then, 

(i) ^ n jV = if and only if there exists f G .5^(j2/) such that infj^g^ i>{f) > sup^g_^ m(/)>' 
(a) there exists /C C ^(iz/) and a subset ^q of extreme points of ^ such that 



(25) ^ = < TTi € 6a(=2/) : m(A;) < max /u(/c) for all k E IC 

Proof, (i). The weak topology is linear. There is then a linear functional cj) on ba{^) and a, 6 € M 
such that inf jyg^ </)(z^) > a > b > sup ^^^ (j){fi). By compactness, .J^ and -yV are dominated 
so that, by Proposition [H </) is associated with a uniformly bounded, Cauchy sequence {fn)neN 
in =5^(i2/), as in (I16p . We also know from Theorem [2] that for all e there exists n sufficiently 
large so that miu^^yy y{fn) > a — e and b + e > sup^g^^(/„). Choosing e < {a — b)/2 we get 
mi,y(z,yy u{fn) > ^ > sup^g.^^(/„). 

(a). For each m ^ ^ there is then km G y{£/) such that snp ^^z^^ fi{km) < rn{km)- Let 
^ = {km ■ ITT' ^ ^}. For each k ^ K, choose one extreme point /i^ G ./# in the corresponding 
supporting set of ^ and let ^o = {^fe : k € /C}. By construction, each k G JC, when considered as 
a function on ^, attains its maximum on ^q, so that the right hand side of (I25p contains ^. For 
each m ^ ^ there is fe G /C such that 77i(/c) > sup^g^ fj,{k) so that the right hand side is included 
in ^. D 

It is well known that, combining the Theorems of Eberlein Smulian and of Mazur, and taking 
convex combinations one may transform a weakly convergent sequence in a Banach space into a 
norm convergent one. The following result establishes a weak form of this fundamental result which 
holds even in the absence of weak convergence. The proof exploits some of the ideas introduced by 
Komlos [8]. 

Theorem 5. Let {Xn)j-^^f^ be a sequence in ba{£^)j^ with liminf„ ||A„|| < oo and let T[n) = 
co{A„, A„+i, . . .} and A = Ylm ^~" ivllA II • There exist ^ G ba{£/,X)-^- and a sequence {fJ-n)neN 
with ^n G r(^) such that {^n A kX)^^^ converges in norm to ^ AkX for all k € M_(_. 

Proof. There is no loss of generality in passing to a subsequence and assume that the sequence 
(An)„gN is norm bounded. The set r(n, k) = co{fi A kX : fi ^ ^(n)} is convex and, by Theorem [H 

W 

relatively weakly compact because uniformly monotone continuous. Of course, r{n,k) = T{n,k) 
is a weakly compact, convex subset of ba{£/), [6, V.2.4,V.3.13]. Define (pk '■ =5^(=2/) — )• M implicitly 
by letting 

4>k{f) = lim sup n{f) f G 
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Fix ^0 = and choose .^i E ba{£/) such that ,^1 < </>i on J/'{£/) and ^i(ri) = </>i(il). Assume that 
for some A; > 1, it is possible to find ^1, . . . ,^k-i S ba{£/) such that 

(26) ?o <6 < ••• <Ci < 0i and Ci(f]) = lim sup fi{n) 

for i = 1, . . . , A; — 1. Let 

Xkif) ^ ^ jnj (cPk - Ck-i){9) f G y{^) 

Since Xk is a convex functional, we can choose % G ha{s^) such that rjk{f) < Xkif) for all / G 
y{£/), with equality if / = Ij^. Let ^k = Cfc-i + Vk- The inequality Xkif) < for / < induces 
the conclusion ^fc_i < ^fe < 0fc- Applying Sion's minimax Theorem repeatedly, we get 

r J".^^ ^,1 sup (/i-6-l)(g)= sup mf (/i-Cfc-OC^) 

{9e^K):9>i} ^ef(;^» ^ef(;^" {5e.^K):5>i} 



{/iGr(n,A:) :At>5fc-i} 

r Jnf ^,, ^up (^-Cfe_i)(c/) 

sup (/^-6-i)(f^) 



{/xer(n,A:) :M>?fc_i} 

The second line follows from the inequality 

0<Xk{^)<^ inf sup (^-^fc-i)(5) 



so that, computing the supremum, we may restrict attention to those fi € T{n,k) such that 

W 

inf|g£^(^).g>i}(/i — £,k~i)ig) > —00 i.e. to the set {/u G r(n, /c) : /x > ^fc_i} which is thus convex, 
weakly compact and non empty. We thus conclude that 

^n) = (k-im + xkm 

= Ck-i{^)+ inf lim sup {l^ - ^k-i){g) 

{9ey{^y.9>i} " ^efi;^* 

= ^fe_i(J]) + lim inf sup {n - ^k-i){g) 

= ^fc_i(ri) + lim sup (/X-^A:-l)(^) 

{Ater(n,fc) :At>Cfc-i} 

= lim sup A*(^) 

and, by induction, that there exists a sequence {Ck)keN nieeting ([26]) . Corollary [6l(i) and the 
inequality ^^ < </'A: imply ,^fc G P^ r(n. A;) C P|„C(n), where C{n) = {T{n) — 6a(=2/) + ) fl 6a(=g/) + . If 
^ denotes the norm limit of the monotonic sequence (^A;)fceN' then also ^ G P„C(n). Let ;U„ G T{n) 
and 5„ G 6a(=g/)_|_ be such that, J^n = Ain — <^n > and that the sequence {i^n)neN converges to ^ in 
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norm and let 7^ = LIM„ /i^ A kX. Given that //„ > (,n — Wn — Cn\ and that 7fc(/) < s^P^^r(n,k) f^if) 
for all / G =5^(i2/) we conclude 

(27) 7fc>6 and 7fc G fj^'^^ 

n 

Moreover, ((5„ A /cA) - |C - z^n| < (/^n - C A ^-^) A /cA < /i„ A 2A;A - ^ A A;A < ^„ A 2A;A - ^fc. It then 
follows that 

liminf ||5„ A /cAJI < limLIM(5„ A kX){n) 

n k n 

< lim{LIM(/u„ A 2kX){n) - ^k{^)} 

k n 

= \im^2k{^)-m) 

k 

<limlim sup ^liQ) - ^iO) bv (l27ll 

{l^€T{n,2k)■.^l■>i2k-l} 

= \iuii2k{^)-i{^) by (USD 

= 

Moving to a subsequence if necessary, we conclude that lini„, j|/x„ A fcA — ^ A fcAJI = lini„, ||/x„ A fcA — 
Un A A;A|| < lim„ ||5„ A /cA|| = 0, as claimed D 

It is clear from the proof that the condition liminf „ ||An|| < oo may be replaced with the inequality 
limfc lim„ sup^gP(„ ;.) ||/x|| < oo, which is more general but less perspicuous. 

One should also remark that if the sequence {Xn)n^^ in Theorem [5] is weakly convergent, then, 
by the uniform absolute continuity property, /i„ A kX converges (in norm) to ;U„ uniformly in n G N 
and thus the sequence {^in)n&{ converges strongly to ^. Theorem [5] is then indeed a generalization 
of more classical results. Some implications of Theorem [5] are developed in ^. 

6. The Halmos-Savage Theorem and its Implications 

The results of the preceding section mainly develop the orthogonality implications of Lemma [TJ 
We may as well deduce interesting conclusions concerning absolute continuity, among which the 
following finitely additive version of the Lemma of Halmos and Savage [3 Lemma 7, p. 232]. 

Theorem 6 (Halmos and Savage). ^ C ba{£/,X) if and only if ^ C ba{£/,m) for some m G 
A(^). 

Proof. X dominates ^ if and only if X'^^ does. The claim follows from Lemma [TJ D 

As is well known, Halmos and Savage provided applications of this result to the theory of sufficient 
statistics. Another possible development is the following finitely additive version of a well known 
Theorem of Yan [IHl Theorem 2, p. 220]: 

Corollary 7 (Yan). Let K C -^'"'^(A) he convex with £ IC, C = IC — ^(i/)+ and denote by C the 
closure of C in L^{X). The following are equivalent: 
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(i) for each f G L^(X)-^- with |A|(/) > there exists r] > such that r]f ^ C; 
(a) for each A (^ £/ with \X\{A) > there exists d > such that cIIa ^ C; 

(Hi) there exists m G Ff^ai-^) such that (a) K, C L^{rn) and sup^g^,; m{k) < oo, (b) m € baao{s^ ■, A) 
and (c) m{A) = if and only if |A|(yl) = 0. 

Proof. The implication ([i|=^([ii| is obvious. If A and d are as in ^i^ there exists a continuous Unear 
functional 4>^ on L^{X) separating {dlAJ and C and (j)^ admits the representation <j>^{f) = jJ-^if) 
for some //^ G boooi-^^, A) such that ^u^ < c^|A|, CorollaryHl Thus sup^g^ /^"^(Z) < a <b < d/i^(^). 
The inclusion G C implies o > so that /x (^) > 0; moreover, /x > as — ^(i/)+ C C. By 
normalization we can assume ||/U^|| V c V o < 1. The collection ^ = {fj. : A G £/, |A|(^) > 0} 
so obtained is dominated by A and therefore by some m G A(^), by Theorem [6l Thus m < |A|, 
||7n|| < 1 and sup^gj^ ?Ti(/i) < 1. If A G =2/ and |A|(A) > then m ^ /x implies m{A) > 0. By 
normalization we can take m G F^ai-^)- Let m be as in (fmj) so that -^^(A) C L^{m). If f £ L^{X)+ 
and |A|(/) > then f /\ n converges to / in L^{X) [SI III. 3. 6] so that we can assume that / is 
bounded. Then, by O 4.5.7 and 4.5.8] there exists an increasing sequence (/n)„gpj in S^{£/) with 
< fn ^ f such that /„ converges to / in L^{X) and therefore in L^{m) too. For n large enough, 
then, |A|(/„) > and, /„ being positive and simple, m{fn) > 0. But then m{f) = lim„m(/„) > 
so that r]f cannot be an element of C for all r/ > as sup^^m(/i) < 00. D 

An application of Corollary [7] is obtained in [3] . 

One may also draw from Theorem [6] some implications on the structure of a finitely additive set 
function. 

Theorem 7. Let .M C ba{£^ , A) and let Mq C s^ generate the ring .3^ . There exist Hi, H2, . . . G 
J^o such that, letting Gn = Hn\\Jk<n^k and G = fln^nj *^6 following holds: 

(28) |/z|*(//nG) = and n{Ar\ H) = ^iJL{Ar\ H r\Gn) n e Ji( , A(^ s^ , H e J^ 

n 

Moreover: (i) if fi & ^ is M^-inner regular then 

(29) fi{A) = ^^i{Ar\Gn) A^si 

n 

(a) if Mq is closed with respect to countable unions then 

(30) ^l{A) = ^x{Ar\G) + ^^i{Ar\Gn) ii(iJi,A(i.<^ 

n 

Proof. With no loss of generality, let A > and write ^ = {Xh '. H G Mq]. By Theorem [6l 
choose TTio = X^„ OinXun G A(^) to be such that rriQ » ^ . Let G and G„ be as in the statement 
and define m = ^^ Ac^- Observe that m > rriQ and that, by construction, lim^ 'm{{^^^^ H^) = 0. 
But then, for each H G ,3^q we conclude \mvkXH{C\n<k^n) — hni^ A(f/' n V\n<k^n) — ^'^d, by 
absolute continuity, \^\*{H n G) < lim^t \^x\{H n C\n<k^n) — ^^ ^^^ /^ ^ -^ ■ Consequently, if 
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A G i/ and H e Mq 



\ \n<A; n<k / J 

= lim ;u I A n F n [J G„ I 

\ n<fc / 



The set function ^^ /iG„ agrees with \i on the ring M consisting of all finite, disjoint unions of sets 
of the form Ar\R with A^ s^ and H e Mq. Another ring is the collection ^ = {H ^ J^ : Ar\H e 
M for all A e -i^} which therefore coincides with JT. Thus, {H r\A : H e J^, A e £/} C ^ 
which proves (128^ . 

If ^ € ^ is .^-inner regular, then, 

//+(^)= sup fi{H)= sup y^fi{HnGn)<y^fi+{AnGn)<^,+ {A) 

the last inequality following from additivity. Exchanging /x with — /i proves ()29p . Eventually, if 
J^ is closed with respect to countable unions, then Un>fc ^" ^ ^ ^^^' ^y (f28]) . ;U (Un>fc ^") ~ 
J2n>k l^i^n) from which ([30]) readily follows. D 

The following Corollary [8] illustrates a special case. 

Corollary 8. Lei Q be a separable metric space, £/ its Borel a-algebra and ^ C ca(=2/. A). // vr 
is a partition of 0, into open sets then there exist Hi,H2, . . . G vr such that 

(31) n{A) = '^n{AnHn) Ae£/,fi£^ 

n 

Proof. Under the current assumptions, for each increasing net {Oa)^^^^ °^ open sets we have 
A(|J^ Oa) = liniQ, A(Oq,), [3l Proposition 7.2.2]. Let J^ = vr extract ffi, H2., ... € vr as in Theorem 
[7] and observe that, vr being a partition, G„ = iif„, for n = 1,2,...; moreover G = UneTr h<zg ^ ^"^^ 
so A(G) = 0. We conclude that ([31]) holds. D 

To motivate further our interest in the preceding conclusions, assume that vr is an jz/ partition 
and that A is vr-inner regular. Then for each H & ir and A G £/ one may define a{A\H) = 
X{A n Hn)/\{Hn) a H = Hn and X{Hn) 7^ or a{A\H) = mniA) for any nin G Pfea(^) with 
mniH) = 1. Write a(^|^) = EHe^^i^lH^H- Then, 

(32) \{A) = I a{A\-n)d\ A^s^ 

This follows from /f7(^|^)dA = ^„(T(^|Gn)A(G„) + /^ fT(A|vr)dA = ^„ A(.4nG„) = \{A). In the 
terminology introduced by Dubins [5j, A is then strategic along any partition relatively to which it 
is inner regular. 
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